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The Lorentz-Minkowski Space E3

The 3-dimensional Lorentz-Minkowski space, E3, is a vector space R3 equipped with a
bilinear form < —, — > : R3 x R3 — R defined by < (u1, u2, u3), (v1, v2, v3) > =

upvy + upvo — uzv3, where u = (u1, to, u3), v = (vq, va, v3) € R3. In the literature, this is
called the Lorentz metric.
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The 3-dimensional Lorentz-Minkowski space, E3, is a vector space R3 equipped with a
bilinear form < —, — > : R3 x R3 — R defined by < (u1, u2, u3), (v1, v2, v3) > =

upvy + upvo — uzv3, where u = (u1, to, u3), v = (vq, va, v3) € R3. In the literature, this is
called the Lorentz metric.

A vector v € [E3 is said to be spacelike if (v,v) > 0 or v =0, timelike if (v, v) < 0, and
lightlike if (v,v) =0 and v # 0.
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Maxface [Umehara and Yamada, 2006]

Let X : M — [E3 be a smooth map on a 2-dimensional oriented manifold M, then (X, M)
is called a generalised maximal immersion if

® the pullback metric X*((.,.)) on T,M is positive definite for almost all p in M,
® mean curvature is zero almost everywhere,

® dX|, map has full rank almost everywhere.
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Maxface [Umehara and Yamada, 2006]

Let X : M — [E3 be a smooth map on a 2-dimensional oriented manifold M, then (X, M)
is called a generalised maximal immersion if

® the pullback metric X*((.,.)) on T,M is positive definite for almost all p in M,

® mean curvature is zero almost everywhere,
® dX|, map has full rank almost everywhere.

The singularity set of X is defined as
Sing(X) :={p € M : rank(dX|,) < 2}.

A generalized maximal immersion is called Maxface if its differential map has exactly rank
1 at all singular points. Maxfaces always have a non-isolated singularity set./compact?
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Weierstrass-Enneper representation for the maximal map

([?, Umehara and Yamada, 2006])

Let M be a Riemann surface and (g,w) be a pair consisting of a meromorphic function g
and a holomorphic 1-form w on M,
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® if p € M is the pole of g of order m, then w has zero at p of order at least m,
* [g|#1on M,

e for all closed loops in M, the period vanishes i.e.,

/g—1w+/gw:O, Re/w:O.
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Conversely, for any maximal map (X, M), there exists a pair (g,w) such that X can be
represented as the Equation 1. The triplet (M, g,w) is called the Weierstrass data for the
maxface X.

: , _ 2
Furthermore, the pullback metric on M is ds? = % (|g| ™ — |g])” |w/?. 5/33



Cone-like, swallowtail singularities [Fujimori et al., 2009]

[Fujimori et al., 2007]

Let X : M — E‘i’ be a maxface and ), be a set of singular points. Then a point p € >,
is called

Generalised cone-like singular point

if >, is connected, compact and image X(> ) is a single point. Moreover, if there is a
neighborhood U of ) such that X(U\ }_,) is embedded, then p is called cone-like

singular point.
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[Fujimori et al., 2007]

Let X : M — Ei’ be a maxface and ), be a set of singular points. Then a point p € >,
is called

Generalised cone-like singular point

if >, is connected, compact and image X(> ) is a single point. Moreover, if there is a
neighborhood U of ) such that X(U\ }_,) is embedded, then p is called cone-like
singular point.

Or a:= ggT/f # 0 and Im(«) = 0 (Criterion in terms of Weierstrass data).

Re(a) # 0, Im(r) = 0 and for 3 := £a’, Re(B) # 0.
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Global study of generalised maximal immersions or maxfaces

While constructing maxfaces, it is very natural to study their embeddedness,
completeness, the types of ends they possess, their genus, and the nature of their
singularities.
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Global study of generalised maximal immersions or maxfaces

While constructing maxfaces, it is very natural to study their embeddedness,
completeness, the types of ends they possess, their genus, and the nature of their
singularities.

1. Lorentzian Catenoid is a genus-zero, complete, embedded maxface with two
catenoidal ends.

2. In [Kim and Yang, 2006], Kim and Yang gave a family of complete generalised
maximal surfaces, Mg, of genus g > 2 with two ends which are not embedded and
have 4(g + 1) swallowtail singularities.

3. In [Bardhan et al., 2024], Bardhan, Biswas, and Kumar established the existence of
new higher-genus maxfaces with Enneper end.

4. In [Chen et al., 2024], Chen, —, Kumar, and Mohanty showed the existence of a
family of complete, embedded (in the wider sense) maxfaces with an arbitrary finite
genus and an arbitrary number of spacelike ends (catenoidal and planar).
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We want to construct a one-parameter family of maxfaces M; that look like horizontal
(spacelike) planes connected by small necks.
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We want to construct a one-parameter family of maxfaces M; that look like horizontal
(spacelike) planes connected by small necks.

e Consider L horizontal planes, labeled by integers / € [1, L],

® n; > 0 necks at level /, that is, between the planes / and / + 1, 1 </ < L, denote

N = > n; for the total number of necks,

® to each neck associate a complex number p; , € C indicating its horizontal limit
position at t = 0,
to each plane we associate a real number @, indicating the logarithmic growth of
the catenoid (Q; # 0) or planar ends (Q; = 0).

We write p = (pk)1<i<r,1<k<n, and Q@ = (Q)1</<L.
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We want to construct a one-parameter family of maxfaces M; that look like horizontal
(spacelike) planes connected by small necks.

e Consider L horizontal planes, labeled by integers / € [1, L],

® n; > 0 necks at level /, that is, between the planes / and / + 1, 1 </ < L, denote

N = > n; for the total number of necks,

® to each neck associate a complex number p; , € C indicating its horizontal limit
position at t = 0,
to each plane we associate a real number @, indicating the logarithmic growth of
the catenoid (Q; # 0) or planar ends (Q; = 0).
We write p = (pl,k)1§I<L,1§k§n, and Q = (Q/)1§/<L. The pair (p, Q) is called a
configuration. Given a configuration (p, Q), let ¢; be the real numbers which corresponds
to the “size” of the necks at level /.
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Balanced and rigid configuration

For each neck (/, k) in a configuration, we define the force Fj s on the neck as

2 N1 nj—1
£ 2¢; CICl41 CIC—1
=Y ey ey
\<iTRen Pk = PLE T PLKCT P Pk PI-L
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Balanced and rigid configuration

For each neck (/, k) in a configuration, we define the force Fj s on the neck as

1 nj—1

2 Wes
£ 2¢; CICl41 CIC—1
Lk = E 7*5 7*§ T E—
Pk — Pi—1,i

1<iZk<n Pik = Pri = PLk — Pi+1i

Definition

A configuration is balanced if Fj, =0 forall 1 </ < Land 1 < k < ny, and is rigid if the
differential of p = (p1x) = F = (F1k)1</<L,1<k<n, With respect to p has a complex rank
of N — 2.
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Balanced and rigid configuration

For each neck (/, k) in a configuration, we define the force Fj s on the neck as

nj—1

2 WES!
£ 2¢; CICl41 CIC—1
Lk = E 7*5 7*5 T E—
Pk = PrLi 4= PLk = Pir1i ‘= Pik = PI-1,

1<i#k<n

Definition
A configuration is balanced if Fj, =0 forall 1 </ < Land 1 < k < ny, and is rigid if the
differential of p = (p1x) = F = (F1k)1</<L,1<k<n, With respect to p has a complex rank

of N — 2.

A necessary condition fo the balance is:
L1 L2

L
W .= Z pikFix = Z ni(nj —1)c Z niniyiciciyr = 0.
=1 k—

1 = I=1
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Theorem (Hao,_,Kumar, Mohanty [Chen et al., 2024])

Let (p, Q) be a balanced and rigid configuration such that the differential of
(ct,...,ci—1) — W has rank 1. Then, for sufficiently small ¢, there is a smooth family M,
of complete maxfaces of genus N — L + 1 with the following asymptotic behaviors as
t—0

® the logarithmic growths of L space like ends converge to Q).
o After suitable scalings, the necks at level / converge to Lorentzian catenoids;

® M, scaled by t converges to an L-sheeted space-like plane with singular points at py .

Moreover, M; is embedded in a wider sense for sufficiently small t if @ < Q> < --- < Q.

10/33



The Costa—Hoffman—Meeks (CHM) configurations are given by
L=3, m=1ny=m,
— _ 2kmi/m
p11=0, ppm=ce , 1< k<m,
Q=1-m Qq=-1, G=m (soa=m-1, c=1).

We call the corresponding maxfaces Lorentzian Costa (m = 2) or Costa—Hoffman—Meeks
(CHM) surfaces (m > 2).
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The Costa—Hoffman—Meeks (CHM) configurations are given by
L=3, m=1ny=m,
— _ 2kmi/m
p11=0, pm=ce , 1< k<m,
Q=1-m Qq=-1, G=m (soa=m-1, c=1).

We call the corresponding maxfaces Lorentzian Costa (m = 2) or Costa—Hoffman—Meeks
(CHM) surfaces (m > 2).

N

oy
N

\ h
Figure: CHM surface for m=5, having cuspidal edges and swallowatails 1133



Riemann surface construction

Node-opening construction (Martin Traizet [Traizet, 2002]): We construct the

Riemann surface by node-opening as follows:

To each of the L horizontal (spacelike) planes is associated a copy of the complex plane
C, which can be seen as the Riemann sphere with puncture at co. The L copies of C, as
well as their punctures, are then indexed by /, 1 </ < L.
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Node-opening construction (Martin Traizet [Traizet, 2002]): We construct the
Riemann surface by node-opening as follows:

To each of the L horizontal (spacelike) planes is associated a copy of the complex plane
C, which can be seen as the Riemann sphere with puncture at co. The L copies of C, as
well as their punctures, are then indexed by /, 1 </ < L. To each neck at level /,

1 </ < Lis associated a point a;x € C; and a point by € Cjy1, 1 < k < ny.

We simply identify a; x with b; for all 1 </ < L and 1 < k < n; to obtain a noded
Riemann surface X.

Choose an ¢ sufficiently small and independent of / and k. Use v, x = 1/g; and

Wit1k = 1/g141 as local complex coordinate in a neighbourhood of a; x and b;
respectively. We define on C; the meromorphic function

ny n—1

w=3 MY T

b
1 Z -1k
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Riemann surface construction

For 0 < t < &, we may remove the disks |v; x| < t?/e and |w; x| < t?/e, and identify the
annuli obtained
t2/e <|vipl <e  tJe<|wil <e
by
V/7k(Z).W/,k(Z/) = t2.

The resulting Riemann surface is denoted by ;.
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For 0 < t < &, we may remove the disks |v; x| < t?/e and |w; x| < t?/e, and identify the
annuli obtained
t2/e <|vipl <e  tJe<|wil <e
by
V/7k(Z).W/,k(Z/) = t2.

The resulting Riemann surface is denoted by ;.

Gauss map on X,

Define a meromorphic function g on the disjoint union C; U ... U C; by

(2) tgi(z) if z€ C; and / is odd,
Z) =
& 1/(tgi(z)) if z€ C;and [ is even.

Let ¥, =Y U {001, ...,001 } be the compactification of £;. We have g(ook) =0 if k is
odd and g(ook) = oo is k is even.
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Canonical homological basis

Canonical homological basis of X ; :
® The small circles (7 k)1<i<t,1<k<n, around a; x with negative orientation are
homologous to small circles around b; ., and
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Canonical homological basis of X ; :
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sheet such that '/ , intersects once only with 7, .
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Canonical homological basis

Canonical homological basis of X ; :
® The small circles (7 k)1<i<t,1<k<n, around a; x with negative orientation are
homologous to small circles around b; ., and
® The two sheeted loops (') x)1</<1,1<k<n,, Passing through the necks to the other
sheet such that '/ , intersects once only with 7, .

Figure: Canonical homology basis
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Height differential

We need to define a meromorphic 1-form dh with (at most) simple poles at
{001, ...,00n}. Let M be a compact Riemann Surface of genus G.

® A canonical homology basis of M is a set of 2G closed curves i, [ifor 1 <i< G
such that ~; intersects ['; with intersection number 1 and all other intersection
numbers are zero.

® The space of meromorphic 1-forms with simple poles at given m points has complex
dimension G + m — 1. One may prescribe the integrals along the curves 71, ..., v¢
and the residues at the poles, with the only condition that the sum of the residues be
zero.
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Height differential

We can define the height differential dh; as the unique meromorphic 1-form on ¥; with
poles at o071, ..., 00N such that

Vi e J,/ dhy = 2miry, 1</<L, 1<k<n;, andResydhi=—R
Vi, k

where r ., are positive real numbers and Ry, ..., Ry are real numbers whose sum is zero.
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We can define the height differential dh; as the unique meromorphic 1-form on ¥; with
poles at o071, ..., 00N such that

Vi e J,/ dhy = 2miry, 1</<L, 1<k<n;, andResydhi=—R
Vi, k

where r ., are positive real numbers and Ry, ..., Ry are real numbers whose sum is zero.
Let

Q I:{ZG(C/Z‘V/J‘ >e V1<i<n & ‘W/,Lj‘ >e V1 S_jgn/,l},
Moreover, as t — 0, dh; converges uniformly on a compact set of ; to the form

n

I n—i
Z —r/de Z r—1 de
) bl 2
Z — aj k * ( )

z—bi_1)
k=1 k=1 1=1,k
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Initial conditions

We want to find parameters X = (t, a, b, o, 3, r, R) that solve the divisor conditions,
period conditions, and regularity conditions. Let (p?k, c,o, Q,O) be the neck positions, sizes
and logarithmic growths of the given configuration. We will solve the period problem

using the Implicit Function Theorem at the initial values of all parameter at point t =0,
denoted by Xjp as:
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and logarithmic growths of the given configuration. We will solve the period problem

using the Implicit Function Theorem at the initial values of all parameter at point t =0,
denoted by Xjp as:

0

to == 0, RIO == Q/ ,
Vi< k<n, rf=—af, =B =c
p?k, | odd

Vi< k<n, ay, =b°, =
» Tk Ik p?k, I even.
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Solution of period problem

Divisor Condition: The zeros of dh in ¥; must be precisely the zeros and poles of g,
with the same multiplicity.
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Solution of period problem

Divisor Condition: The zeros of dh in ¥; must be precisely the zeros and poles of g,
with the same multiplicity. We want catenoid or planar ends at the punctures co;. This
translates to the following divisor condition at co;: Whenever g has a simple zero or pole
there, dh must have a simple pole; this corresponds to the catenoid ends.

On the other hand, whenever g has a zero or pole of multiplicity m > 2 at oo, dh must
have a zero or multiplicity m — 2; this corresponds to the planar ends.

Proposition (Divisor condition [Traizet, 2002])

For (t,a, b, r,R) in a neighborhood of their initial values, there exist unique values for o
and 3, depending analytically on (t, a, b, r, R), such that the divisor conditions are
satisfied. Moreover, at t =0, we have —ay x = Bk = 1 k-
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Proposition (Vertical periods)

Assume that («, 3) are given by the previous proposition. For (,a, b, R) in a
neighborhood of their initial values, there exists unique values for r, depending smoothly
on (7,a, b, R), such that the vertical period condition are satisfied over the curves 'y,
1</<Landl< k< n;. Moreover, at T =0, we have r;, = ¢ for all1 < k < n; and
1 </ < L, where ¢ are defined from R; by co = ¢, =0 and ¢j_1nj_1 — ¢inj = Ry.
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neighborhood of their initial values, there exists unique values for r, depending smoothly
on (7,a, b, R), such that the vertical period condition are satisfied over the curves 'y,
1</<Landl< k< n;. Moreover, at T =0, we have r;, = ¢ for all1 < k < n; and
1 </ < L, where ¢ are defined from R; by co = ¢, =0 and ¢j_1nj_1 — ¢inj = Ry.

Proposition (Horizontal periods)

Given a balanced and rigid configuration (p, Q) such that the map Q — W has rank 1.
Assume that («, B, r) are given by previous propositions. For T in a neighborhood of 0,
there exists unique values for a, b, and R, depending smoothly on 7, such that ), R =0
and the horizontal period condition are satisfied over the curves ['; and vy, 1 <1 < L
and 1 < k < n;. Moreover, at 7 = 0, up to a translation in |, we have a; = m =prk if
I is odd, = py if | is even, and Rj = Q.
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Singularities

The singularity set of a maxface is given by {|g(z)| = 1}. From the definition of Gauss
map, the singularity set is given by the union of

Sik={z2€Ci:|vik(z)| =t} ={z € Ciy1: |wi(2)| =t}

for1</<L-1,1<k<n;y.
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Singularities

The singularity set of a maxface is given by {|g(z)| = 1}. From the definition of Gauss
map, the singularity set is given by the union of

Sik={z2€Ci:|vik(z)| =t} ={z € Ciy1: |wi(2)| =t}

for 1 </ <L—1,1<k < n. Here, the domains of v, x and w y are t—: < |vik|] < € and
é < |wj k| < € respectively, satisfying vk - wyx = t2.

For the family M; with Weierstrass-Enneper representation, the characteristics a singular
point is determined by three specific functions: o = g—;, B = ?o/, and np = é%,é”.
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Re(a)  Im(a) Re(5) Im(n) Description
#0 < cuspidal-edge
40 =0 #0 < swallowtail
=0 =0 #0 < cuspidal butterfly
=0 = =0 < pis a special singular
point of type 1
#0 Im(5) =0, Re(n) #0 & pis a cuspidal S;
=0 #0 Im(B8) =0, Re(n) =0 < pis a special singular
point of type 2
#0 Im(8) #0 & pis a cuspidal crosscap
vV p,#0 =0 Compact <> Singular set is generalized
Singular Set cone-like singularity
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Singularities

On a maxfaces constructed above, for sufficiently small non-zero t
® The singular set has N singular components, each being a curve around the waist of
a neck.
e [f the singular curve is not mapped to a single point (cone-like singularity), then all
but finitely many singular points are cuspidal edges.

o /f R,1 « 7 0, then there are exactly four non-cuspidal singularities around the neck
(1, k) and they are all swallowtails. Moreover, they tend to be evenly distributed on
the waist as t — 0.
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Infinite genus case
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We aim to construct a 1-parameter family of maxfaces M; that look like infinite
horizontal (spacelike) planes connected by small necks.
® For convenience, let us label each horizontal plane by an integer k,
® Let ng > 0 for k € Z, denotes the number of necks connecting kth and (k + 1)th
spacelike planes,
® to each neck (k,/), we associate a complex number p; s € C indicating its horizontal
limit position at t = 0.
We write p = (pk,i)i<i<n, kez. We call a sequence of complex numbers (py j)1<i<n, kez
as a configuration of type (ng)xez. let ¢k be the real numbers which corresponds to the

“size” of the necks at level k.
For each neck (k, i) in the configuration, we define the force F ; exerted on py ; as

2 Nky1 Ng—1
D e D e D
k,i -— - - = e
1<j£i<ng Pk,i Pk j =1 Pk,i Pk+1,j =1 Pk,i Pk—1,j
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Balanced and rigid configuration

Definition

A configuration is balanced if Fi; =0 for all k € Z and 1 < i < ny, and non-degenerate
if the differential of F = (Fi i)kez 1<i<n, With respect to p has full rank.

Non-degeneracy condition motivates for the following translations in (py ;) as,

Ui = (—1)k(Pk,i —pPk1), 1<i<n,keZ (3)
Ie = (=1)*(px1 — px-11), k € Z.
Thus, we get a new sequence U:
coos D Uk 2y ooy Uk s T 1y U125 005 Uk 1o ng s g2 ooee (4)

By definition, we always have vy 1 = 0 for all k € Z.
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Infinite genus case [Dhochak, 2026]

Consider a balanced, non-degenerate configuration U of type (ny)kez. Further assume
that

1. the sequence (nk)kez is bounded,

2. the sequence U takes a finite number of values,
3. forallk € Z, 25" pxi # 2 pr_1,-

"Nk ng—1
Then there exists a 1-parameter family (M;)o<t<e of complete, embedded (in a wider
sense) maxfaces with infinitely many planar ends. Furthermore, each surface My is
periodic (quasi-periodic) if and only if the configuration is periodic (quasi-periodic).
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Infinite genus case [Dhochak, 2026]

Consider a balanced, non-degenerate configuration U of type (ny)kez. Further assume
that

1. the sequence (nk)kez is bounded,

2. the sequence U takes a finite number of values,

3. forall k € Z, nik Do B o nkl,lpk—lﬂ"
Then there exists a 1-parameter family (M;)o<t<e of complete, embedded (in a wider
sense) maxfaces with infinitely many planar ends. Furthermore, each surface My is

periodic (quasi-periodic) if and only if the configuration is periodic (quasi-periodic).

We say that the configuration is periodic if there exists a positive integer T such that for
all k € Z, N T = Nk, lk+T = I, and Up+T,i = Ugk,i for 2 < i < ng.
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Height-2 family (type (1, n,1))

A configuration is given as

po1 =0, pij=t+co(L), p1=2i (1<j<n)

® This finite configuration is balanced and non-degenerate
[Morabito and Traizet, 2012].
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Height-2 family (type (1, n,1))

A configuration is given as

po1 =0, pij=t+co(L), p1=2i (1<j<n)

® This finite configuration is balanced and non-degenerate
[Morabito and Traizet, 2012].

® The configuration is unique up to the permutation group S, on py ;.

® For n = 2, the configuration corresponds to a Lorentzian Wei-type surface.
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Height-2 family (type (1, n,1))

A configuration is given as

po1 =0, pij=t+co(L), p1=2i (1<j<n)

This finite configuration is balanced and non-degenerate
[Morabito and Traizet, 2012].

The configuration is unique up to the permutation group S, on py ;.

For n = 2, the configuration corresponds to a Lorentzian Wei-type surface.

By concatenation of a sequence of finite balanced and non-degenerate configuration
method [Morabito and Traizet, 2012], we obtain an infinite singly—periodic
configuration with alternating layers of n necks and 1 neck of type

(nk)kez = (..., 1,n,1,n,1,...) with period 2 where pyi2; = pk,i+ 2t.

27/33



Singularities

Singularities: From the equation [5], direct calculation shows that in this configuration
. ,511)(9) =0, for even k,

(1) _ 6 cos 260 ( i'm ) :
o R(0) = 7 cot —cC 0, when k is odd.
WO = ey )
Therefore, even-layer necks have R(Y) = 0 and their singular curve might degenerate to a

cone point.
On the contrary, in odd layers R,Ell.), = 0 only at isolated points. By [Chen et al., 2024,

Theorem 2.3], such nonzeros of R,((li), implies exactly four swallowtail singularities around
that neck. Therefore, every neck in an odd layer produces four swallowtails.
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Following the notation of [Chen et al., 2024], set

+2 r+2
r+1)i6 wy —(r+1)i6 w2
R(r)(g) Im(e( ) Respk,;—pk—l,l 0z — € (r+1) ]?{espk,l._pk1 - k odd, )
. = 5
ki . —
]jn<e(r+1ﬁ9I{es flii _ e—(r+1ﬁ0I{eS k+1) k even
Pk,i—Pk-1,1 dz Pk,i—Pk1 dz  )» ,
and
Nk—1 e

_ Ck—1
we =) =
zZ - i z—

(pkfl i — Pk—1, 1

i=1 : — z— (Pii = Pk-1.1)

29/33



References |

@ Bardhan, R., Biswas, |., and Kumar, P. (2024).
Higher genus maxfaces with enneper end.
The Journal of Geometric Analysis, 34(7):1-28.

@ Chen, H., Dhochak, A., Kumar, P., and Mohanty, S. R. R. (2024).
Node-opening construction of maxfaces.
arXiv preprint arXiv:2402.11965.

[§ Dhochak, A. (2026).
Maxfaces with infinitely many swallowtails.
arXiv preprint arXiv:2604.17520v1.

@ Fujimori, S., Rossman, W., Umehara, M., Yamada, K., and Yang, S.-D. (2009).

New maximal surfaces in minkowski 3-space with arbitrary genus and their cousins in de sitter
3-space.
Results in Mathematics, 56(1):41.

30/33



References |l

@ Fujimori, S., Saji, K., Umehara, M., and Yamada, K. (2007).
Singularities of maximal surfaces.
Mathematische Zeitschrift, 259(4):827.

[ Kim, W. and Yang, S.-D. (2006).
A family of maximal surfaces in lorentz-minkowski three-space.
Proceedings of the American Mathematical Society, 134(11):3379-3390.

[d Morabito, F. and Traizet, M. (2012).
Non-periodic riemann examples with handles.
Advances in Mathematics, 229(1):26-53.

[d Traizet, M. (2002).
An embedded minimal surface with no symmetries.
Journal of Differential Geometry, 60(1):103-153.

31/33



References 1l

@ Umehara, M. and Yamada, K. (2006).
Maximal surfaces with singularities in minkowski space.
Hokkaido Math. J., 35(1):13-40.

32/33



Thank You!!
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