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Can you find the snake hiding in these dried leaves?

Figure 1: Copyright, Jerry Devis, X(Twitter)



Take a look closer!




Introduction

We are interested in: A partition of a manifold by submanifolds of
possibly different dimensions (called singular foliations)

Figure 2: Self-eating-snake singular foliation on S! x R2.
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(Singular) foliations arose from the qualitative study of
(partial) differential equations!



Introduction

In differential geometry, Singular foliations arise as

® |ie group actions

e Symplectic leaves of a Poisson manifold

Orbits of a Lie groupoids or Lie algebroids.

The list could continue...
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Definition (Most used definition)

A singular foliation on a smooth, real analytic, or complex manifold
M is a subsheaf .# C X(M) of modules over functions that fulfills
the following conditions

1. Stability under Lie bracket: [%#, %] C Z.

2. Local finite generateness: every m € M admits an open
neighborhood U C M together with a finite number of vector
fields X1,..., X, € X(U) such that for every open subset
V C U the vector fields X1y, -5 Xy, generate FonVasa
Oy-module.

This definition includes the usual definition of (regular) foliation for
F =T(F), the section of an involutive vector sub-bundle
FCTM.
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Singular foliations admit leaves

According to Hermann'’s theorem, a singular foliation induces
a partition of the manifold M = U,L, into immersed
submanifolds L, C M of possibly "different" dimensions,
called leaves of the singular foliation.

The leaf L,, C M through m € M is:

{Qﬁil(logbt)?o---ogf)tn"(m), t1,...,th €R, X1,..., X, € Z, TLEN}



Concentric spheres

Figure 3: Concentric spheres foliation on R?.



Concentric spheres

Consider the Lie—Poisson structure on M = so(3,R)* given on a
dual basis z,y, z by

o 0 o 0 o 0

The singular foliation .7 is generated by the vector fields
0 0 0 0
X = # = _— — Y— Y = # ] R N
7w (dx) Z@y Vg 7 (dy) 2as T Th
and 5 5
= g
Z =" (dz) U 9



Regular and singular points



Thank you for your attention!
See you next week!
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