
&of Self-Homotopy Equivalences

E-category
X ob(b) .

Ep(X) : = &feMor, X)15gEMorgX, * s6 . Jog = gof= 1x] .

- This is a group under composition.

S Eg[X]
--

Groups Automorphism group

Topological spaces Homomorphism group

Smooth manifolds Diffeomorphism group:



Th-objects :· Based Topological spaces
Morphisms :-Hiomotopy classes of based point presering

continuous maps.

E(X) : = Ep(X) = 32%) : =g :(,oleSA . [tog] = [gof] = [tx73 ·

= collection of all homotopy
classes of et

homotopy equivalences on X.
-

objective :· Stude E(X) for
various Xcob(h)

-

observations :- 1 EXX) isa homotopy
invariant of X.

If X ,

then 2(x) = E()
(03 ++ [forog]



2) This is not functorial
If f : x ex ,

When .** E()[EZs)

But if T : In >C is a functor, then

T : E(X) -Ep(TX) as TCogD = Efgog]

If> [Tf]

T = **: In groups
,

He : "
-

HA :
1
-> I

thpostnikov space : " - Top .

*

localization :-
2 : "T 1



Literature : Barcus-Barratt 1958
K-I-connected on complex with cell dim <I.

&
and x = ke

+

S

2 : S - R.

There is a exact sequence of three forms
E(K) if 22 0ix (tp+, (k))- E(X) - &Ex) 3(SP+ 1) if 22=0.

i : Ap(k) -> Ap () induced by i : kex

* 1964 t valk ,

Shih
,

Arkowitz-Curiel .

used postnikov decompositions
of spaces to

get various short exact sequences.



⑧ 1966 - Nomura
,

Kudo-Tsuchida
,
Rutter as so on.

S

(1967) (1988)

Properties :-
-

· Any finite group
can be realized as a subgroup

of ECX) for some
X

- G- finite group ,

1G1 = n .

↳ Sn , symmetric group
on n. letters.

Y-non-contractible
X = Yx ... x Y4-times)

.

snX by permuting the factors.

Sn- Homeo (X)



As the permutation of factors of X is a homomorphism,

Sn - E(X) fe : X = X

or [fo] (, - ., xn)+(op=..Mon)

This is still injective.

i .e
. if OfId

,

then [feb Edx] .

Because if to Idx , 79 : X-X S. &. go : fo , gitdx
A

= U ,
1 S . 6 .

J(K) = 1 With KF1 as OEId.

-
Proj

Onto
1-th factor

· =>
Ho = Preogpoin

and

(t
fixed ↑ Pur

Ho = Zdx and
H
,
= Yo ,

cons

base Pf
.

K-th
=> Y is contractible

contradiction



Examples /Basic computations :
-

Xd

⑪ E(Sn)

Ef + &(2) ·

f : She sh ut Ex : Hr (4)+ Hn(SY)
S/I "
2

deg(f) = d -

1) forg> deg(f)
= deg(g)

Hopf degreeTheorem.

2) deg(fog) = deg(t). deg (g)
and deg(ix) = 1

& If f is a homotope
eprivalence

,

then deg(t)= #1 .

S

and conversely .

=> E(S1) ESIE E2 (
As deg(2d)= and

C(20 . - ,un) toElo ...Un]
has degree - 1. .



③ E(k( , n))
,

k ,
M) - Eilenberg-Madane spaces.

+p(k( ,n)) = 34
if p = n

O otherwise.

: K(a ,4)-(,n) .

Recall :- [X ,
K(G,n)] <g H" i a).

X = k(b , n) .

It]+ <H
* (4( , 1) :@ universal coefficient
5) Ahm

Hom(Hn(k( ,n)) , n)
/2) E Hurewicz

Hom
.(G ,G)

=> If f is a homotopy eprivalence, then if]ze FEAUt(2)

Hence. E(K(G ,n)) = Art (h) .


