
(Apt)
reall

, Iisallcomputationaltechnipsawith homotope

class of base-point preserving continuous maps as morphisms

Then for XeTh ,

E(X) is the group of self - hopy eprivalences of X.

Goal : - Compute E(X)

One of the fundamental tool for this is to use

"Postnikov tower of X" .



Panikovtower :-X-connected space.

A Postnikov tower of X is a collection of spaces [XnInso
with maps Tuti : Xn-Xn & PriX-Xy ,

nx0 St.

a) In : Xn + Xn-1 (21) is a principal fibration with tibre

R(n(x) , n)
i .e

., I a fibration sequence 2B'-F'rE'e B'

sof . following diagram commutes upto hapy and

vertical maps are htpy equivalences :

-

An
↑ [in() ,n)-> Xn -> Xn-1

I sit sit On-

2B' - F - E' + B
pl



Note that
,

as RB' = K(n() ,
n),

and all other hitps groups of
Bare zeroI

Anti (B') = TnGB') EAn(R(n( , n)) = in ()

I=> B' is Eilenberg-Madane space K(n() ,
n+1)

# Therefore for each An : Xn+ Xn-1 ,
He get a

map kn+: Xn-1 +Kn() ,
n+ 1) as pop

...
-this is unique

up to hapt and thus its hope class determines an

element of H
** (Xn+, An(x)) + this element is called

+1-th K-invariant of X and denoted by Knt



b) Pn : XeXn is an n-epuivalence i . e.

↑n[Pn) : Ar(X) - Ar(n) is an iso · for ken

2) InoPn = Pn+

- This system
,
we will denote as EXn . In , Try and

diagramatically :

- :

↓

.... X2

In
XX ,

&IPo X ,



When does this system exist ?

3 If A
,
(x) acts on An(X) trivially ,

then this system exists
-

obtained from the base

point changing homomorphism

In particular
,

if X is simply connected ,

then it exists

functoriality of this system

Thm [Kahn'63] : If X ,

X' have hapy type of I-connected
-

complexes and f : XeX' . Then Junipe upto letpy

fn : Xn > Xn for given Postnikov systems EX · Pr . An]
and EXn' :

An' : And of X ,
X' resp .

S . A.



#n'ofu = fn-th
,
Prof - fro in

and if Kn
.
Kn' are noth k-invariants for X

,

X'resp,

Men fr (k) = fi (Kn) ·

where

f : H"(n=2 ;n ,
(1) + H*(n-z ; Th (1)

f : H"(Xn2 ; An) -> H" (n-z ; Tr ,
(x1))

· induced by the coeff group homo .

En (f) : An ,
(x) -> In- ,

(X))
.



Diagramatically ,

% :

↓ ↓
,

---- X2xiX2E
ItXIm

#I

f
With (hApe) commuting squares.



Observations :

-

(a)(Xi3 ,

is ; is a postnikou system for X; as

follows
: 3 all

above spaces are

Xj's

-
↓ Tj

↓ Tj - ,*i

↓Tz

↓ ,

To ins ...o A
,
> Xo



() There is a homomorphism E(X) -> E(Xn) for each
2 Ignoring the class notation

-

If feE(X)
,

then Eg : XeX S .
A

. fog : got Eldx .

Then by the functoriality of Postnikovsystem,

we have fn : XntXn and qn : Xn + Xn satisfying

the above properties.

Then see that figh and guf, will satisfies the

reprived conditions for fog and got

Thus by uniqueness of the maps ,
we have

frogn = flogin & grofn = (got)n

But fog = & = got => frogn =Ex = Both



Thus In E(Xn) and therefore we have

map E(x) - &(Xn)

f 1- fr

- This is also a homomorphism as we

said above (fog)n = frogn satisfied .

(b) Combining () a (b) ,

We have a homomorphism

g" : 3[Xn) + &(n-1)

[Kahn'sh) Let x has postrikou system (Xn .
Pr . Th)·

Then for 13 3
,

we have exact sequence

1- > her(") = [(Xn) &s Im (2) + 1 .



Here exactness is immediate but the importance

of the above sequence is that the her") and

Im (M) can be identified to other other subgroups :

-

new (yn) = Im (f) and

Im (n) = Sin1 3xn-1) : 5 fCAUt(In (X)) S
. A.

fi = fu (
+)]

Here JF : GF(Xn)es S(Xn) is the inclusion with

GF(Xn) := 3- + 3(n) : XnFeXn 3
Xinin Xn-1



Furthermore
. GF(Xn) is isomorphic as a set to a

subset of H" (Xn : An(x))

Above
,

unt -th
+

(Xn + 1 ; Tn(X) is the Gath K- invariant.

andIf is the usual crefficient homomorphism

induced on H
*+

by feArt(tn(1) .

using the above exact sep
,
katin deduced that

non-zero

If X has finitely many finite homotopy groups
M

or if X is a finite complex with finite homology groups
then E(X) is finite



Mapping cone method -this is another useful

method of calculating &(X) ,

where X appears as

mapping come of some map.

- One such instance is when X is a closed ,
triented

smooth -1) - connected zn manifold (n> 2).

↳ For such X
,

it is known that X has the hopy

type of the mapping come of a map b : s&" Xn
,

Xn-borpret of some (finite) S"'s .
it .

X = XnYes
Then Kahn'os] established the following exact sep:



[2Xn ·

X] Fen()* E(X) ** EXXn)

↑
Elpy class of maps from Exh to X.

the description of the above maps are given as

follows : -

(b)*: [EXn , X] - Fen(x)

fr (EH :&EXEX]
·

↓: EXn , X] -> Fin(X)
- whitehead product.

N(f)= Etozer , ive

-> where ep : S"Xn inclusions ,

determines



classes in In (n) , inducing homology basis

Sp....Kri
,

v= rank Hn()-1 ,
of Hn(X) ·

as H"(x) = Hom (Hn(x) , 2) here by UCT),

ST ... xi]- dral basis of
H "(x)

.

Then for each 11K ,

11V
,

we have

rivr* = The V*
*
cup product

o is the dual of the orientation class VEH(XEE

=> i :Xn X
inclusion map

so
. Hozen : stzst= XnEx) -> An+(x)



and live, :"EXn =+X) -> An (X) .

=> [fozer , iren] e Ten () .

K : *zn(X)-> E(X) .

KE)) : X=-XvsEYXvX EX,&
& folding map

feznk] pinching the core part
halfway .

Is
Isi

(( = xs

Xn Xn



R : E(x) -> E(Xn)

R() : Xn-Xn is the hope class in VneXn

of the restriction of a cellular representative

of f : x& X Ao Xn

- This is well-defined by Whitehead's cellular approx.
theorem .

-using the above exact sequence and the corresponding
maps kahn computed [(s"xsh) for n32 ,

even

as semi direct product.

Also
,
that E(P2) =R = EHP2)


