
talk: Applications a Open problems

Gal :-0To describe applications of EKX)
,
the group of

based) self homotopy epuivalences of X.

② Direct to some open problems.

-Applications
-

[A] classification of Hurewicz fibration over circle·

Recall that Q P : E- B is a Hurewicz fibration with
-

fibre F if for any top. space X , following com.

diagram has a lift :-XX203 - E that commutes and
7

-

-

- ↓ P

Xx [0,3 -> B



7 a hapy epriv . g : F Esp#7 for some =B .

② Two fibrations Pi : EieB with fibre f and hopy equiv

& : F pi) are called evalent if Thtpy equire.
-

f : E
,
-E

,

such that I2 = fog ,
and p = Pot.

Pi
F2 E

,

↓+ BII D D
9

F - FzFB

- This is an equivalence relation.

# Define H(B ,
F) to be the collection of equivalence classes of

fibrations over B with fibre F.



[Allaud's6] There is a fibration Po : Ex-Bo with hopy equire

8 : F- > PI) S
.

A. Here is a one-one correspondence : -

(B , Bo+ (f(B,

F),

where [B
, Box is the collection of based hopy class of maps

from B to Ba

* Also
, Ai (Ba ,*) =i -, (Ef , In) ,

where E
. CF)y is the

collection of all free self- equivalences of F
need not preserve base point

In particular
, taking B=s'

,

we see from the first corres.

that H(s ! F) = [S· Bob = A
,
(Bo *) =To(ECE)y · + = EC)y



Therefore ,
the equivalence closs of fibrations over s with

fibre of corresponds to ECF)- ,
the group of hepy class of free
self-eprivalences of F

Note that
,
if t

,
CF) is trivialor F is an H-space

,
then ECHyEEA)

Thus knowing the group &(A) in specific cases gives us the

characterization of fibrations over s'upto epriv .

[B] Action of E(X) xEX) on [X ,Y] .

Define (E(X)13(1) + [X ,Y] + [X ,Y] by

(4 .
B)

.
6)+ Bogost

- check that this is a well-defined action.



similarly
, E(X) acts on EXXX , X] as well ,

as follows-

& (x) x[XxX , X] - [xX , X]

(2
,
9)- 2030(x2)

cole that
,
an H-space structure on X is a map M : xxX+ X

such that there exists eX
,
M( ,- , Mt , e) : X + X

are homotopic to IdX

Let M(X) : = SIM] : M is an H-space structure on x] < ExxX
, X]

Mo(X) : = SIM) : M is a helpy associative H-space struc . on XY
[M(X) .

The action of E(X) on . [xXX , X] induces an action on MX) as

well as on Mo(X).



Take M(x) = M(/[(*) and M
,
(x) = Mo(X)/((x)

Curjel's] For a finite , htpy.

associative H-complex X
,

M
, () is

always finite
,
and MCX) is infinite it and only if

(the noth Betti number number of XvX) = Crank of Ank1) 0.

[] Postnikov invariants : -

The above action also determines non-uniqueness of

postnikov invariants.

(Adams's) If X' is an -section
,
n2 and a an abelian group ,

-

then the htpy types of (h+ 1)- sections with have n-type X' and
-

n+ 1) - th Expe group G is in 1-1 correspondence with

(X
,
k(G

,
n+2)/2(x1) x AvA(a) (ass(k(, n+2))=Aut(a))



· A space X" is calledan dion if T: () =0 for is n.

· The Ape of X is the htpy type of any
n-section XSA . 5

a map b : X-X'with Px :i(x)1, (1) for
in

↳ One can always take Xn ,
the noth space in Postnikov decom. of X,

for X' as the notype of X

Thus from the above result , we have,

the hapy type of Xn+

the U+ 11th Postnikou space of X ,
is uniquely determined by

the etpy Aspe of Xn ,
11th Elpy group Anti () ,

and the epuir.

lass k" of the postnikov invariant in [xn . K(n() ,

n+2)]((n) x

#
*

Ex-, Tn+,XD. . .

Au[n+,(x)
Therefore for uniqueness of Postnikov invariants ,

one should really
consider those invariants as element of H*

*

En . Anti (1)/EXn) x Ave[tn+).



↳This in particular determines obstruction classes for extending
a map.

ID) HApy actions of a group on a space :

-

# A action of a group G on a space X is a homomorphism

c : G + E(X) +

If there evist such a map for a space X
,

then X is called

htpy a-space.
-

⑪ If for a htpy a-space X ,

the action map a factors through
homomorphism group ,

Homeo (X)
,

of X ,
then X is called

Apace. Ge .
X has an actual action of G]

& When a hepy -action is realizable by a -action ?



Cooke' 78] A EApy a-action is realizable by a top. Gracion iff

= a map 0 : k(6 ,
1) - BE(X)

y
S .

A . following diagram is

Atpy commutative : -

BE(X)
+

- ↓B
u(2 ,
1 k(E(X)y , 1)

BG

Here BF1
,
is the classifying space for the monoid

E()y via the Dold-lash of
construction.

2 Ge EM y
is the helpe a action map .

E
A : Elf-> Exy is the puotient map (patienting beS

Etpy )
this induces map on respective classifying spaces but

Ba = P(G,
11 and BE(X)+= k(E(X) + 11) ,

So the above robati



using above result
, Zabrodsky or observed the following :

-

Proph :- If X is a ch-complexe ,
then I a space y of same

hapy type as X such that every htpy class in EX)+
contains a homeomorphism.

- Open problems-

8 . 1 as characterize those finite,
connected complexx for which E) is

-

finitely generated! finitely presented.

The Sullivan-Wilkerson theorem asserts that for simply

connected finite complexx(e. a finite cu complex or has finitel

many non-zero hapy groups) .
ECX) is finitely presented.

But for general finite complex E(X) is infinitely generated.



one such example was given by Frank-Kahn' 7).

b) Is there a finite ,
connected X

,
with E(X) finitely generated

but not finitely presented.

As there are many more finitely gen. groups than finitely

presented groups .
So somewhat interesting to know such example.

1) Determine spaces X for which EX) is
trivial .

In general ,
for non-contractible space X

,
E(X) trivial is veryare

one such case is K(E . 1) .
as ELLEMD EAVEE)= 313.

Kahn's also gave non-trivial example
of spaces with trivialx).

so in a way
,
this is nice direction to pursue.



Ca']For simple connected finite CW - complex X
,
can we have the

finite generation of the group E(X) ?

This is a question similar to (a) but for H-space 2X,

which is as a complex infinite one.

Also
,

a useful one in many places.

& calculate EM) for various well-known spaces
, for example

,

X = 1Hp" for n>2

* = any rank-2 H-spaces .

X- compact Lie group ,

or katler manifold.

& ForMoore spaces M(G
.
n) (n>2)

.

There is an epimorphism

& (M( ,n)) -> Art (2) with nernel Eur (G ,
Th+,
(MK ,nB) ·

Calculate

the extension for E(M( , n)) precisely.


